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New technological developments allow to explore the quantum properties of very complex systems,
bringing the question of whether also macroscopic systems share such features, within experimental
reach. The interest in this question is increased by the fact that, on the theory side, many suggest
that the quantum superposition principle is not exact, departures from it being the larger, the more
macroscopic the system. Here we propose a novel way to test the possible violation of the superpo-
sition principle, by analyzing its effect on the spectral properties of a generic two-level system. We
will show that spectral lines shapes are modified, if the superposition principle is violated, and we
quantify the magnitude of the violation. We show how this effect can be distinguished from that
of standard environmental noises. We argue that accurate enough spectroscopic experiments are
within reach, with current technology.
PACS numbers:
Introduction. – Quantum theory is an extremely suc-
cessful theory of microscopic phenomena. Yet, still an
open question is if and how it applies also to macroscopic
systems. Indeed it would be absolutely fascinating to see
quantum mechanical behavior for a macroscopic object.
But until today macroscopic systems are always found
to behave according to classical mechanics and the open
question is exactly if they can show quantum behaviour
or if the quantum superposition principle is violated at
some level. Here we show how such violations would
modify spectral lineshapes of atoms and molecules, and
we propose a new class of spectroscopic experiments to
test such modifications. These violations have a univer-
sal character, which cannot be controlled by experimental
parameters. We will show how this specific signature can
be used to distinguish them from decoherence.
In general, when performing a quantum experiment,
two different limitations can be identified. We distinguish
the technological and the fundamental limitations. Tech-
nological limitations are induced through coupling of the
quantum system with the environment. Decoherence the-
ory explains how environmental noise can rapidly destroy
quantum coherence before it can be even observed [1].
For macroscopic systems we can safely expect a plethora
of decohering interactions and it will be a technological
challenge to isolate large quantum systems from such in-
teractions. On the other hand fundamental limitations
are due to intrinsic non-linearity in the quantum dynam-
ics that are induced e.g., by the gravity as in the Dio´si-
Penrose model [2], or by a generic stochastic field as in the
Continuous Spontaneous Localization model [4, 5, 51].
In all such models, Schro¨dinger dynamics is modified by
adding non-linear terms, in such a way that quantum co-
herence is preserved at the microscopic level, while it is
destroyed when approaching the macroscopic scale [6–9].
Recently, there has been rapid experimental progress in
revealing quantum features such as particle-wave duality
for large objects with tiny de Broglie wavelength of only a
few hundred femtometer. Such objects were successfully
decoupled from environmental noises, thus overcoming
the technological limit and thereby extending the realm
of quantum theory to new regimes [10–18]. This progress
not only confirms the predictions of decoherence theory,
but also provides the possibility to search for intrinsic
non-linearity.
Current experiments are mainly focused on the prepa-
ration of macroscopic systems in a spatial quantum su-
perposition state. Non-linearity would then manifest as
loss of visibility in observed inference pattern [5]. Promis-
ing schemes to observe such non-linearity are provided
by optomechanical techniques [15, 16] and matter-wave
interferometry [17, 18]. They have not yet found any
evidence for intrinsic non-linearity, however allow to in-
troduce upper bounds on their strength [17]. The def-
inite test of the existence of fundamental limitations to
the quantum superposition principle will require quan-
tum interference with single particles of mass 106 −
109 amu [16, 18].
Here, we provide an alternative test of fundamental
limitations by measuring light emitted by radiative tran-
sitions of excited states of matter. We compute modifi-
cations to the standard quantum optical formulation of
spontaneous photoemission, assuming quantum linearity
is violated. We derive a analytical formula for both shift
and broadening of spectral lines, which is applicable to
a broad class of systems. We explicitly compute these
effects for specific models and then quantify them for
relevant physical systems. We show that observation of
line broadening induced by intrinsic non-linearity is at
the reach of current technology.
The frequency shift and broadening. – Very similar to
vacuum fluctuations, intrinsic non-linearity produces two
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FIG. 1: Collapse models predicts that the broadening βN depends only on the geometry of involved states, and scales quadrat-
ically with the mass of the system (see Eq. (8)). On the other hand, decoherence broadening in general scales differently with
the mass, and moreover depends on the details of the interaction with the environment. In Fig. (a) we show the different
scaling behavior between CSL broadening and decoherence broadening (in the recoil-free regime M  m) while the environ-
ment does not change and the system increases in mass. Assuming the density of the system to remain constant so that
r ∝M1/3 (r is the radius of the systems and M its mass), then in the Hard sphere limit one has for collisional broadening [27]:
βC = 4d
2p
√
pi/mkBT ∝M2/3 (where d ∼ r is the closet distance among the colliding particles, p the pressure of the bath, T its
temperature and m the mass of bath particles). In the inset, the dependence of the experimental Hard sphere radius on mass
is shown, for H2, He, NH3, Ne, N2, O2, Ar, CO2, Kr, and Xe [28]. The behaviour is qualitatively similar to the oversimplified
M1/3 dependence we estimated, therefore the mass dependence of βC is different from the M
2 behavior of the CSL broadening.
In Fig. (b) we assume the opposite situation. The system does not change and the bath particle increases in mass (still in the
recoil-free regime M  m). In such a case, CSL broadening remains constant, while decoherence broadening scales as m−1/2.
types of radiative corrections in the emitted light spec-
trum: frequency shift and broadening. Both phenom-
ena appear naturally in QED analysis of the spectrum
of spontaneously emitted light. We formulate the intrin-
sic non-linearity in terms of a stochastic potential added
to the Schro¨dinger equation, since observable effects of
nonlinearity, at the statistical level, can be reproduced
by this stochastic potential [19]. The most convenient
form of stochastic potential describing the destruction of
spatial quantum superpositions is given by:
Vˆt = −~
√
λ
∫
d3x Lˆ(x) ξt(x), (1)
with ξt(x) a c-number white-noise field, λ the strength
of nonlinearity, and Lˆ(x) suitably-chosen Lindblad oper-
ators mimicking the nonlinear (collapse) effect.
We apply this model to describe the dynamics of a
two-level system interacting with photons. The two-level
representation of stochastic potential Vˆt is obtained by
calculating 〈εα|Vˆt|εβ〉 with α, β = 1, 2. Eigenenergies are
real functions in most cases, thus one finds:
Vˆt = −~
(√
λz w
(z)
t σˆz +
√
λx w
(x)
t σˆx
)
(2)
where the rates λx,z determine the strength of non-
linearity and w
(x,z)
t are white noises. Later, we will show
that λx,z can be obtained from computing the terms
E(〈εα′ |Vˆt1 |εβ′〉〈εα|Vˆt2 |εβ〉) where E(·) denotes stochastic
averaging. Accordingly, the dynamic of a two-level sys-
tem interacting with the stochastic field and also with
photons is fully described by the Hamiltonian Hˆ =
Hˆ0 + Vˆt, where Hˆ0 is the standard quantum Hamiltonian
characterizing the interaction between a two-level system
and a quantized radiation field, which is, in the dipole
approximation, given by [27]: Hˆ0 = ~
∑
s,k ω aˆ
†
s,kaˆs,k +
(~ω0/2)σˆz + ~ω0
∑
s,k {gs,kσˆy aˆs,k −H.C.}, with gs,k =
(20~ωL3)−1/2 d12 · es,k. Here the system’s Hamiltonian
is (~ω0/2)σˆz, the position operator is proportional to
σˆx = σˆ+ + σˆ−, and the transition dipole matrix element
between two levels is not zero (d12 = 〈ε1|dˆ|ε2〉 6= 0).
All other terms have the usual meanings. According to
the Wiener-Khinchin theorem [27], the light spectrum is
given by the Fourier transform of the normalized dipole-
dipole autocorrelation function. Measurable quantities
are obtained after taking the stochastic averages. There-
fore, all we need is to solve the corresponding differen-
tial equations for dipole-dipole autocorrelation functions.
This is a lengthy calculation, fully reported in [19]; here,
we present only the final result for the stochastic aver-
aged equations that we need to compute the dipole-dipole
autocorrelation. They read:
d
dτ
E(〈σˆy(t+ τ)σˆ−(t)〉) = ΩQED E(〈σˆx(t+ τ)σˆ−(t)〉)
−(βQED + 2λx + 2λz)E(〈σˆy(t+ τ)σˆ−(t)〉), (3)
d
dτ
E(〈σˆx(t+ τ)σˆ−(t)〉) = −ΩQED E(〈σˆy(t+ τ)σˆ−(t)〉)
−(βQED + 2λz)E(〈σˆx(t+ τ)σˆ−(t)〉). (4)
where βQED =
ω30 |d12|2
6pi0~c3 is the standard spontaneous
3photo-emission rate and ΩQED = ω0 − γQED with
γQED =
ω20 |d12|2
30~pi2c3
(
P ∫∞
0
dω ω
ω−ω0 − P
∫∞
0
dω ω
ω+ω0
)
the Lamb
shift (where P is Cauchy principal part). Accordingly,
for the dipole-dipole autocorrelation function we find:
E(〈σˆ+(t+ τ)σˆ−(t)〉) = e−(βQED+λx+2λz)τ× (5)(
cos Ωτ + i
ΩQED
Ω
sin Ωτ
)
E(〈σˆ+(t)σˆ−(t)〉)
with Ω =
√
Ω2QED − λ2x for ΩQED > λx. For ΩQED  λx,
which is the case for most cases of experimental inter-
est, we can Taylor-expand ΩQED/Ω to the first leading
term in λx/ΩQED, and we get: E(〈σˆ+(t + τ)σˆ−(t)〉) '
e−(βQED+λx+2λz)τ eiΩτE(〈σˆ+(t)σˆ−(t)〉). Using Wiener-
Khinchin relation, for the spectral density of emitted ra-
diation we obtain:
S(ω) = 1
pi
(
β
β2 + (ω − Ω)2
)
, (6)
which is a Lorentzian distribution with the central fre-
quency Ω ' ΩQED − γN where γN = λ2x/2ω0 is the shift
induced by intrinsic non-linearity; and the full width at
half-maximum of 2β = 2βQED +2βN where βN = λx+2λz
is the broadening induced by intrinsic non-linearity. For
βN = γN = 0, the standard quantum optical spectrum is
recovered. Accordingly, the radiative corrections due to
the modified dynamics manifest both as frequency shift
and broadening. We shall see that broadening is much
bigger than the shift.
Quantifying the shift and the broadening. – We now ob-
tain the shift and the broadening from two most stud-
ied collapse models in the literature: the mass pro-
portional Continuous Spontaneous Localization (CSL)
model [4, 5, 51] and the Dio´si-Penrose (DP) gravitation
model [2]. For both models, we have [62]:
Lˆ(x) =
∫
dy
e−|x−y|
2/2r2C
(
√
2pirC)3
∑
j
mj aˆ
†
j (y) aˆj (y) (7)
where the sum is over the type of particles (electrons and
nucleons, in the nonrelativistic limit), rC ' 10−7 m the
correlation length, and aˆj (y) is the annihilation opera-
tor of a particle with mass mj at the position y. Re-
garding Eq. (15), for the CSL model we have λ = γ/m20
(with m0 = 1 amu, γ ' 10−22cm3s−1 [5]) and ξt(x) is
a white noise field with correlation E(ξt1(x)ξt2(y)) =
δ(t1 − t2)δ(x − y). For the DP model, λ = 1 and
E(ξt(x)ξs(y)) = Gδ(t − s)/~ |x − y| with G the gravi-
tational constant.
Taking into the account Eq. (2) and the corre-
lation properties of the noises, one can show that:
E(〈ε1|Vˆt1 |ε1〉〈ε1|Vˆt2 |ε1〉) − E(〈ε2|Vˆt1 |ε2〉〈ε2|Vˆt2 |ε2〉) ≡
2λz ~2 δ(t1 − t2) and E(〈ε2|Vˆt1 |ε1〉〈ε2|Vˆt2 |ε1〉) ≡
λx ~2 δ(t1 − t2). From these relations, together with
Eq. (6), one can obtain the analytical expression for the
broadening βN and the shift γN. We compute the shift
and broadening for the CSL model and DP model when
the region in which the amplitude of the eigenstates is
different from zero, is smaller than rC ' 10−7m, which
is valid for most cases of interest such as molecules.
After a lengthy computation, reported in [19], we get:
βN =
Λ
2r2C m
2
0
(
D212 +
M
2
(I2 − I1)
)
, (8)
γN =
Λ2
8ω0
(
D12
rC m0
)4
, (9)
with Iα = 〈εα|(
∑N
j=1mj qˆ
2
j )|εα〉 the average momentum
of inertia (α = 1, 2, and N the total number of particles),
D12 = 〈ε2|(
∑N
j=1mj qˆj)|ε1〉, M =
∑N
j=1mj the total
mass, and Λ is the coupling constant with the collapse
or gravitational field. For the CSL model we get ΛCSL '
1.12 × 10−9 s−1 and for the DP model ΛDP ' 7.39 ×
10−25 Hz [19]. From now on, we consider only CSL as
the effect of DP model is by far smaller.
Universality of broadening. – A crucial feature of Eqs. (8)
and (9) is that both broadening and shift induced by
collapse models are universal, in the sense that they de-
pend only on the mass of the system (at the practical
level, only on the mass of those particles, whose position
changes significantly during the transition) and on the
geometry of the levels, and nothing else. This has to be
compared with decoherence broadening and shift, which
depends also on the details of the surrounding environ-
ment: mass of the bath particle, cross section, pressure,
temperature. Moreover, in case of collapse models, they
roughly scale quadratically with the mass of the system,
while the mass dependence with decoherence is different.
This behavior represents a specific signature, which can
be used to discriminate collapse broadening from deco-
herence broadening (see Fig.1).
Experimental implication. – In general, spectroscopy can
be done in any domain of the electro-magnetic spectrum
and any physical system with discrete energy levels is po-
tentially good for tests. This means in principle any de-
gree of freedom of particles: electronic, vibration or rota-
tion, as well as collective rearrangements of atoms in big-
ger structures such as conformation changes of molecules
or any other many-body system such as atoms in op-
tical lattices as well as any internal degree of freedom
of a condensed matter system such as spin can be used
as a probe. Spectroscopy techniques with very different
degree of resolution exist in such different frequency do-
mains. Surely, to resolve the broadening effect one needs
not only to resolve the spectral line centres as typically
done in precision frequency spectroscopy, one also needs
to resolve the width of the spectral line with the same
resolution.
Resolution of the spectroscopic detection system. To de-
tect small deviations as those shown in Table 1, one needs
ultra-high resolution spectroscopic techniques. In gen-
4System βN (Hz) γN (Hz)
Hydrogen-like Atoms 10−20 − 10−18 ∼ 10−53
Harmonic oscillator 3Λ
4
(
µx0
m0 rC
)2
Λ2
32ω0
(
µx0
m0 rC
)4
µ = 1 amu and ω0 = 10
10Hz 5.3× 10−13 6.2× 10−36
µ = 107 amu and ω0 = 1.7× 108Hz 3.1× 10−4 1.3× 10−16
Double-well Λ
8
(
µ q0
m0 rC
)2
Λ2
128ω0
(
µ q0
m0 rC
)4
µ = me = 5.5× 10−4 amu and q0 = 1A˚ 4.2× 10−23 10−57 − 10−55
µ = 1 amu and q0 = 1A˚ 1.4× 10−16 10−44 − 10−42
µ = 107 amu and q0 = 1A˚ 0.014 10
−16 − 10−18
TABLE I: Collapse broadening and shift as predicted by the CSL model. Three relevant situations have been
considered: the transition from the 2P to 1S state in a Hydrogen-like atom; the transition from the first excited state to the
ground state for a harmonic potential, and for a double-well potential (see supplementary material for a description of these
systems). The latter case is particularly relevant to describe chiral molecules. The constant Λ ' 1.12× 10−9 Hz measures the
strength of the collapse (see main text), m0 = 1 amu, rC ' 10−7 m is the correlation length of the noise inducing the collapse,
x0 =
√
~/µω0 is the zero-point width of harmonic oscillator, and q0 is the separation of the minima of double-well potential.
For the double-well potential, we assume the range of the molecular vibration: ω0 ∼ 1012−1014Hz. We have considered only the
predictions of the CSL model, since those of gravity induced models (Diosi-Penrose) are much smaller. Note, that all numbers
in this table are exemplary to illustrate the magnitude of the spectral effects, and not necessarily realised in experiments yet.
eral to observe small spectral effects the quality factor
(Q = ω/β) of the spectroscopic system has to be as high
as possible. State of the art for frequency stability of a
laser (1/Q) is of the order 10−16 in the visible spectral
range [25], which can be transferred to other frequency
domains in principle by frequency combs [23]. However,
most recently the frequency stability for an atomic fre-
quency measurement in the visible/near-infrared spectral
domain has been measured to resolve instabilities even on
the the order of 10−18 [24]. Such technical capabilities
are very promising to observe spectral effects.
Competing decoherence effects. In typical experiments,
there are other spectral broadening effects, which dom-
inate the shape and width of spectral lines. The effects
reduce the lifetime τ of the coherently excited state, but
can be maintained by controlling limiting environmental
parameters as temperature and pressure, or by exper-
imental arrangements. Exemplary we give numbers for
collisional and Doppler broadening for a vibrational mode
of a generic system (mass of system M = 107 amu, ω0
= 1013 Hz at T = 10 K): Collisional broadening hap-
pens when emission is triggered by collision with other
particles and an analytic expression in Hard sphere ap-
proximation is [27]: βC = 4d
2p
√
pi
µdkBT
, with p the pres-
sure, d the closest distance of colliding particles, and
µd = mM/(M + m) where m is the mass of bath par-
ticles. For p = 10−7 Pa, m = 28 amu (nitrogen) and
d = 1A˚, we find: βC ' 3 mHz. Doppler broadening is
an effect of the thermal motion of an ensemble of emit-
ters and is given by [27]: βD = ω0
√
2kBT ln 2
Mc2 ' 3568 Hz.
However, saturation spectroscopy can be used to avoid
Doppler broadening. Therefore, both effects can be kept
smaller than βN , see Tab. 1.
Search for the ultimate test system. – Non-linear spectral
effects are small, but within reach of experimental obser-
vation. Thermal and collisional effects can be reduced
to the required limitations. While we cannot predict the
ultimate two-level system here, we give explicit examples
to illustrate the relation to state-of-the-art experiments.
Today ultra-high resolution spectroscopy in the mid-
infrared spectral range is done with a precision of
10−13 [21] and planned to be improved to 10−16 [22]. We
estimate spectral effects of non-linearities of the order of
10−14 to 10−16 for a double-well system of 107 amu and
q0= 1 A˚(see Table 1) probed in the mid-infrared range.
This test seems feasible in the near future.
Further electron or nuclear spins are known to be ac-
cessible with ultra-high frequency resolution of 10 mHz.
The Lamor frequency of the system 7Li+ FID in wa-
ter, would need to be detected with a spectral resolu-
tion of about 30 µHz to show a nonlinear effect, which is
only three orders of magnitude away from todays reso-
lution [20]. Further relevant are solid state systems, like
semiconductor microcavities, quantum dots, or nanodi-
amonds with vacancy centers and spin structure [26] as
well as opto-mechanical systems.
Conclusion. –The mass proportional CSL model pre-
dicts a measurable spectral line broadening effect. Ultra-
stable lasers as used in state-of-the-art experiments are
sufficient to observe this effect, if the appropriate system
can be identified, according to the significant parameters:
spectral lifetime and mass. Competing line-broadening
decoherence effects can be controlled by maintaining ex-
perimental conditions. In general and in contrast to deco-
herence effects, CSL broadening scales quadratically with
mass and does not depend on experimental controllable
parameters. This opens the door for systematic inves-
tigations on the hunt for intrinsic non-linearities and a
5possibly deeper theory to describe nature.
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Supplementary information
Here we provide an extensive analysis on how modifying Schro¨dinger equation with non-linearities, changes the
spectral density of emitted radiation from a general two-level system. We will show that the non-linearity manifests
as a broadening and shift in the spectral density of emitted radiation. We first discuss how the non-linearity can be
introduced into the dynamics. Then, following standard QED formulations, we obtain the broadening and the shift
induced by non-linearity. We finally compute analytically and quantify these radiative corrections from two most
studied collapse models.
S1: Dynamical equations.
It was first proven by Gisin [34] that, in order to avoid superluminal signalling, nonlinear terms can be added to
the Schro¨dinger equation only combined with stochastic terms, in such a way that the equivalence relation among
statistical ensembles of states is preserved by the dynamics [35–37]. In more mathematical terms, this means that the
modified dynamics for the wave function must generate a closed linear dynamics for the density matrix. Given these
premises, it was recently proven [38] that such a dynamics must be of the Lindblad type. It is important to notice
that in the proof, complete positivity—usually requested in order to derive Lindblad’s theorem—is not a necessary
hypothesis, but comes about from the existence of a (Markovian) dynamics for the wave function. Therefore, we start
from a dynamics for the density matrix of the form:
dρˆt
dt
= − i
~
[Hˆ0, ρˆt] + λ
n∑
k=1
(
LˆkρˆtLˆ
†
k −
1
2
Lˆ†kLˆkρˆt −
1
2
ρˆtLˆ
†
kLˆk
)
(10)
where the Lindblad operators Lˆk can describe decoherence effect or, as it is the case here, intrinsic non-linearities
in the dynamics for the wave function. Collapse models induce a dynamics of this type, but here we want to stay
more general. The most convenient unraveling of Eq. (10) for solving the equations of motions, is given in terms of a
stochastic potential added to the Schro¨dinger equation [39–43]:
i~
d
dt
ψt =
[
Hˆ0 + Vˆt
]
ψt, Vˆt = −~
√
λ
n∑
k=1
Lˆkξ
(k)
t (11)
where ξ
(k)
t are n independent white noises. Here, we have assumed that the Lindblad operators Lˆk are self-adjoint,
which is the case for most proposals for nonlinear and stochastic modifications of the Schro¨dinger equation.
Since with violations of the superposition principle we mean superpositions in space, the Lindblad operators are
taken as functions of space variables, therefore we have:
Vˆt = −~
√
λ
∫
d3x Lˆ(x)ξt(x), (12)
where ξt(x) is a noise-field, white both in space and time. Note that, in this form, the dynamical equation is still
linear. As discussed several times in the literature [39–43], the effects of nonlinear terms introduced in the Schro¨dinger
equation, at the statistical level, can be mimicked also by linear random potentials. For individual realizations of the
noise, the affects are very different (those of a linear dynamics vs those of a nonlinear one), while at the statistical
level they coincide, if the potential is suitably chosen.
6S2: Two level systems.
We consider the situation in which the system’s dynamics effectively involves only two levels, whose transition
dipole matrix element is not zero (d12 = 〈ε1|dˆ|ε2〉 6= 0, with the dipole operator defined as dˆ =
∑
i eiqˆi). This is
means that the higher energy level eventually decays to the lower one, by emitting a photon. Therefore, the standard
quantum Hamiltonian characterizing the interaction between a two-level system and a quantized radiation field can
be, in the dipole approximation, written in the form [44–47]:
Hˆ0 = ~
∑
s,k
ω aˆ†s,kaˆs,k + (ω0/2)σˆz − iω0
∑
s,k
{gs,k (σˆ+ − σˆ−) aˆs,k −H.C.}
 , (13)
with gs,k = (20~ωL3)−1/2 d12 · es,k the coupling constant of radiation-matter, σˆ+ = |ε2〉〈ε1|, σˆ− = |ε1〉〈ε2|, σˆz =
σˆ+σˆ− − σˆ−σˆ+, ω0 = (ε2 − ε1)/~ and {|ε1〉, |ε2〉} the two levels of matter. All other terms have the usual meanings.
The two-level representation of Vˆt is obtained by calculating 〈εα|Vˆt|εβ〉 with α, β = 1, 2. In general, one has:
Vˆt = −~
(√
λz w
(z)
t σˆz +
√
λx w
(x)
t σˆx +
√
λx w
(y)
t σˆy
)
(14)
where λi (i = x, y, z) are collapse rates and w
(i)
t are three white noises. Eigenenergies are real functions in most cases,
thus one finds: λy = 0. Therefore Vˆt simplifies to:
Vˆt = −~
(√
λz w
(z)
t σˆz +
√
λx w
(x)
t σˆx
)
. (15)
S3: Solution of the equations of motion: shift and broadening.
The radiative corrections of the non-linearities appear in a very natural way from the formulation of the spectral
density of emitted light [44–47] which is given by the stochastic expectation (averaging) of the Fourier transform
of the normalized dipole-dipole autocorrelation function. The dipole-dipole autocorrelation function is given by
〈σˆ+(t + τ)σˆ−(t)〉. Accordingly, in order to obtain the spectral density, we will pursue the following steps. First, we
will solve the Heisenberg equations of systems operator. Then, we will obtain the corresponding differential equations
for dipole-dipole autocorrelation functions. We will solve these equations using our previous results. With new
solutions, we will finally get the dipole-dipole autocorrelation functions, and thus the spectral density.
With the Hamiltonian Hˆ = Hˆ0 + Vˆt, the Heisenberg equations of motion for the system operators take the forms:
d
dt
σˆz(t) = −2βQED
(
σˆz(t) + Iˆ
)
− 2ω0
(
σˆx(t)d12 · Aˆ(+)free (0, t) + d12 · Aˆ(−)free (0, t) σˆx(t)
)
− 2
√
λx w
(x)
t σˆy(t), (16)
d
dt
σˆy(t) = −
(
ΩQED − 2
√
λz w
(z)
t
)
σˆx(t)− βQEDσˆy(t) + 2
√
λx w
(x)
t σˆz(t), (17)
d
dt
σˆx(t) = −
(
ΩQED − 2
√
λz w
(z)
t
)
σˆy(t)− βQED σˆx(t) + 2ω0
(
σˆz(t)d12 · Aˆ(+)free (0, t) + d12 · Aˆ(−)free (0, t) σˆz(t)
)
, (18)
where last terms on the right hand side of Eqs. (16) and (17) are the new contributions to the dynamics due to
the noise terms describing nonlinear effects. Other terms are obtained using standard derivations given by quantum
statistical theories of spontaneous emission [44–47]. In the above equations, ΩQED = ω0 − γQED where
γQED =
ω20 |d12|2
30~pi2c3
(
P
∫ ∞
0
dω ω
ω − ω0 − P
∫ ∞
0
dω ω
ω + ω0
)
, (19)
is the Lamb shift, with P is the Cauchy principal part, which can be normalized in the standard fashion [48]; the
parameter
βQED =
ω30 |d12|2
6pi0~c3
(20)
is the standard spontaneous emission rate; and:
d12 · Aˆ(+)free (0, t) =
∑
s,k
gs,k e
−iωt aˆs,k(0). (21)
7We now average Eqs. (16) and (17) over the initial state |ψ〉|0〉, according to which matter is in a generic state |ψ〉
and the radiation field in the vacuum state. Therefore we get:
d
dt
〈σˆz(t)〉 = −2βQED (〈σˆz(t)〉+ 1)− 2
√
λx w
(x)
t 〈σˆy(t)〉 (22)
d
dt
〈σˆy(t)〉 =
(
ΩQED − 2
√
λz w
(z)
t
)
〈σˆx(t)〉 − βQED〈σˆy(t)〉+ 2
√
λx w
(x)
t 〈σˆz(t)〉 (23)
d
dt
〈σˆx(t)〉 = −
(
ΩQED − 2
√
λz w
(z)
t
)
〈σˆy(t)〉 − βQED〈σˆx(t)〉. (24)
The above stochastic differential equations should be understood in Stratonovich sense. Since we want to compute
stochastic averages, it is more convenient to switch to the Itoˆ formalism. To this end, one can use Eqs. (10.2.5)
to (10.2.7) of Ref. [49]. Then, once expressed in the Itoˆ form, by using theorem (8.5.5) of Ref. [49], one can prove
that the stochastic expectations satisfy the following equations:
d
dt
E(〈σˆz(t)〉) = −2(βQED + λx)E(〈σˆz(t)〉)− 2βQED (25)
d
dt
E(〈σˆy(t)〉) = ΩQED E(〈σˆx(t)〉)− (βQED + 2λx + 2λz)E(〈σˆy(t)〉) (26)
d
dt
E(〈σˆx(t)〉) = −ΩQED E(〈σˆy(t)〉)− (βQED + 2λz)E(〈σˆx(t)〉) (27)
Using the solutions of above equations, one can find:
E(〈σˆz(t)〉) =
(
βQED
βQED + λx
+ 〈σˆz(0)〉
)
e−2(βQED+λx)t − βQED
βQED + λx
, (28)
E(〈σˆ+(t)σˆ−(t)〉) = 1
2
[(
βQED
βQED + λx
+ 〈σˆz(0)〉
)
e−2(βQED+λx)t +
λx
βQED + λx
]
, (29)
where ~ω0 E(〈σˆz(t)〉) gives the rate of energy emission by matter; and E(〈σˆ+(t)σˆ−(t)〉) represents the change in the
population of the excited state |ε2〉. When the initial state is |ε1〉, we have: 〈σˆz(0)〉 = −1, and for |ε2〉, we have:
〈σˆz(0)〉 = 1. On the other hand, for both initial states |ε1,2〉 we get:
E(〈σˆ−(t)〉) = E(〈σˆ+(t)〉) = 0 for |ε1,2〉|0〉. (30)
Using Eq. (29), one can compute for example the mean light intensity of emitted radiation in the far-field limit [44–
47] as follows:
〈Iˆ(r, t)〉 =
(
ω20 |d12|
8piε0c2r
)2(
1− 1
2
sin2 θ
)[(
βQED
βQED + λx
+ 〈σˆz(0)〉
)
e−2(βQED+λx)(t−
r
c ) +
λx
βQED + λx
]
, t >
r
c
,(31)
with θ the polar angle of the r-vector, and the complex dipole moment d12 lies in the xy-plane, where r is the
vector connecting the center-of-mass of system to the detector. 〈Iˆ(r, t)〉 is a very interesting quantity for experimental
research; however, here we are concerned with the spectral density of emitted light, which we now compute.
The exponential nature of energy decay, as given by Eqs. (28) and (31), suggests that the spectral distribution of
the emitted radiation is Lorentzian. The explicit mathematical form of spectral density can be obtained by computing
the dipole-dipole autocorrelation function, E(〈σˆ+(t + τ)σˆ−(t)〉), and then using the Wiener-Khinchin theorem [44].
The time derivative of this autocorrelation function can be obtained by making the change t → t + τ in Eqs. (16),
(17) and (18), and then writing down the derivatives with respect to τ . After multiplying the result from the right
with σˆ−(t) and then taking the quantum average over the initial state |ψ〉|0〉, we find:
d
dτ
〈σˆz(t+ τ)σˆ−(t)〉 = −2βQED (〈σˆz(t+ τ)σˆ−(t)〉+ 〈σˆ−(t)〉)− 2
√
λx w
(x)
τ 〈σˆy(t+ τ)σˆ−(t)〉, (32)
d
dτ
〈σˆy(t+ τ)σˆ−(t)〉 =
(
ΩQED − 2
√
λz w
(z)
τ
)
〈σˆx(t+ τ)σˆ−(t)〉 − βQED〈σˆy(t+ τ)σˆ−(t)〉 (33)
+2
√
λx w
(x)
τ 〈σˆz(t+ τ)σˆ−(t)〉,
d
dτ
〈σˆx(t+ τ)σˆ−(t)〉 = −βQED〈σˆx(t+ τ)σˆ−(t)〉 −
(
ΩQED − 2
√
λz w
(z)
t
)
〈σˆy(t+ τ)σˆ−(t)〉. (34)
8Using the aforementioned theorems to switch between Stratonovich and Itoˆ forms and also to obtain the stochastic
expectations, and also taking into the account the result given by Eq.(30), we find:
d
dτ
E(〈σˆz(t+ τ)σˆ−(t)〉) = −2(βQED + λx)E(〈σˆz(t+ τ)σˆ−(t)〉) (35)
d
dτ
E(〈σˆy(t+ τ)σˆ−(t)〉) = ΩQED E(〈σˆx(t+ τ)σˆ−(t)〉)− (βQED + 2λx + 2λz)E(〈σˆy(t+ τ)σˆ−(t)〉) (36)
d
dτ
E(〈σˆx(t+ τ)σˆ−(t)〉) = −(βQED + 2λz)E(〈σˆx(t+ τ)σˆ−(t)〉)− ΩQED E(〈σˆy(t+ τ)σˆ−(t)〉) (37)
Accordingly, for the dipole-dipole autocorrelation function we get:
E(〈σˆ+(t+ τ)σˆ−(t)〉) = e−(βQED+λx+2λz)τ
(
cosh(iΩτ) +
ΩQED sinh(iΩτ)
Ω
)
E(〈σˆ+(t)σˆ−(t)〉) (38)
= e−(βQED+λx+2λz)τ
(
cos Ωτ + i
ΩQED
Ω
sin Ωτ
)
E(〈σˆ+(t)σˆ−(t)〉) (39)
with Ω =
√
ΩQED
2 − λ2x for ΩQED > λx. For ΩQED  λx, which is the case for most cases of experimental interest, we
can expand ΩQED/Ω to the first leading term in λx/ΩQED, and we get:
E(〈σˆ+(t+ τ)σˆ−(t)〉) ' e−(βQED+λx+2λz)τ eiΩτ E(〈σˆ+(t)σˆ−(t)〉) (40)
Using Wiener-Khinchin relation, for the spectral density of emitted radiation we obtain:
S(ω) = 1
pi
(
βQED + λx + 2λz
(βQED + λx + 2λz)2 + (ω − Ω)2
)
≡ 1
pi
(
β
β2 + (ω − Ω)2
)
, (41)
with the full width at half-maximum of β where
β = βQED + βN, with βN = λx + 2λz (42)
and the central frequency of
Ω =
√
ΩQED
2 − λ2x ' ΩQED −
λ2x
2ΩQED
' ΩQED − λ
2
x
2ω0
= ΩQED − ΩN, with ΩN = λ
2
x
2ω0
. (43)
Accordingly, the radiative corrections given by violations of the quantum superposition principle produce two observ-
able effects: a frequency-shift and a line broadening, whose magnitude is controlled by the rates λx,z. Their numerical
value depends on the specific model used to describe nonlinear (collapse) effects.
S4: Calculation of rates λx,z
.
We now derive the rates λx,z as predicted by the two most-studied collapse models in the literature: the mass
proportional Continuous Spontaneous Localization (CSL) model [52], and the Dio´si-Penrose gravitational (DP)
model [53, 54].
Rates for the CSL model. The stochastic potential Vˆt associated to the CSL model is [50–52]:
Vˆt = −
~√γ
m0
∫
dx ξt(x)Lˆ(x), with Lˆ(x) =
∫
dy g (x− y)
∑
j
mj
∑
s
aˆ†j (s,y)aˆj (s,y) , (44)
where m0 = 1 amu, γ ' 10−22cm3s−1 [55], ξt(x) is a white noise with correlation E(ξt(x)ξτ (y)) = δ(t − τ) δ(x − y),
and aˆj (s,y) is the annihilation operator of the particle type-j with mass mj and the spin s at position y; and
g(r) = exp(−r2/2r2C)/(
√
2pirC)
3 with rC ' 10−5cm the correlation length.
In the two-level representation, the matrix elements of Vˆt are given by:
V αβt = 〈εα|Vˆt|εβ〉 = −
~√γ
m0
∫
dQψα(Q)ψβ(Q)
∫
dx ξt(x)
N∑
j=1
mj g(x− qj), (45)
9with α, β = 1, 2, and ψα(Q) = 〈Q|εα〉 where we use improper states: |Q〉 ≡ |q1;q2; · · · ;qN 〉 (with qj the position of
j-th particle) for which we have: Lˆ(x)|Q〉 =
(∑N
j=1mj g(x− qj)
)
|Q〉. We also assume that the wave functions ψα
are real. Since the right side of Eq. (45) contains a Gaussian white noise, λx,z can be calculated as follow:
E
(
V αβt1 V
α′β′
t2
)
=
δ(t1 − t2) ~2 γ
8pi3/2r3C
∫
dQ dQ′ ψα(Q)ψβ(Q)ψα′(Q′)ψβ′(Q′)
N∑
j,l=1
mjml
m20
exp[− (qj − q
′
l)
2
4r2C
], (46)
= δ(t1 − t2) ~2 λαβα′β′ .
We consider the situation where the effective size of the region in which ψ1,2 is different from zero is smaller than
rC ' 10−7m, which is the case for atomic and molecules systems. This is the small scale limit of the CSL model.
Accordingly, by expanding the exponential term in Eq. (46) to first order in (qj − q′l)2/4r2C and then by performing
the integrations, we get:
λ1111 '
ΛCSLM
2
m20
1− 1
M
∫
dQ |ψ1(Q)|2
∑
j
mj
(
qj
2rC
)2 , (47)
λ2222 '
ΛCSLM
2
m20
1− 1
M
∫
dQ |ψ2(Q)|2
∑
j
mj
(
qj
2rC
)2 , (48)
λ1212 = λ
21
21 '
ΛCSL
2r2C m
2
0
∫ dQψ1(Q)ψ2(Q)∑
j
mjqj
2 , (49)
with ΛCSL = γ/(8pi
3/2r3C) = 1.12×10−9 s−1 and M =
∑
jmj . In the derivation of above equations, we used the parity
considerations and the orthogonality of ψ1 and ψ2. Accordingly, we have:
λz =
λ1111 − λ2222
2
=
ΛCSLM
8r2C m
2
0
∫
dQ
(|ψ2(Q)|2 − |ψ1(Q)|2) ∑
j
mj q
2
j , (50)
λx = λ
12
12 =
ΛCSL
2r2C m
2
0
∫ dQψ1(Q)ψ2(Q)∑
j
mjqj
2 . (51)
S5: Rates for the Dio´si-Penrose (DP) model
. The stochastic potential in the DP model is given by:
Vˆt = −~
∫
dx ξt(x)Lˆ(x), (52)
where Lˆ(x) is the same like the CSL model, and ξt(x) is a white noise with correlation E(ξt(x)ξs(y)) = Gδ(t −
s)/~ |x − y| with G the gravitational constant. This form of Lˆ(x) is different from Dio´si’s original proposal [53].
To avoid the divergence due to the Newton self-energy, Dio´si initially proposed a Lindblad operator with a length
cutoff equal to the nuclear size. Then, it was shown [56] that with this cutoff, predictions of the DP model are in
contradiction with known observations. To avoid this problem, Ghirardi, Grassi and Rimini [56] proposed this new
form of Lindblad operator whose cutoff is rC ' 10−7 m. This adjustment of the model was eventually acknowledged
by Dio´si [57].
For the matrix elements of Vˆt in two-level representation, one gets:
V αβt = 〈εα|Vˆt|εβ〉 = ~
∫
dQψα(Q)ψβ(Q)
∫
dx ξt(x)
N∑
j=1
mj g(x− qj), (53)
10
Following the same approach that we used for the CSL model, we find:
E
(
V αβt1 V
α′β′
t2
)
= δ(t1 − t2)G ~
∫
dQ dQ′ ψα(Q)ψβ(Q)ψα′(Q′)ψβ′(Q′)× (54)∑
j,l
mjml
∫
dx dx′
|x− x′| g(x− qj) g(x
′ − q′l)
=
δ(t1 − t2)G ~
4pi
∫
dQ dQ′ ψα(Q)ψβ(Q)ψα′(Q′)ψβ′(Q′)
∑
j,l
mjml
∫
dx g(x) Φjl(x) (55)
= δ(t1 − t2) ~2 λαβα′β′
with
Φjl(x) =
erf
( |x−(qj−q′l)|√
2rC
)
|x− (qj − q′l)|
, (56)
where erf is the error function. Here Φjl(x) is slowly varying with respect to g(x) (for more detail, see Section (4.2)
of Ref. [58]). Therefore g(x) acts like a Dirac-delta, practically selecting the value of Φjl(x) in the origin x = 0.
Accordingly, we can write:
E
(
V αβt1 V
α′β′
t2
)
' δ(t1 − t2)G ~
4pi
∫
dQ dQ′ ψα(Q)ψβ(Q)ψα′(Q′)ψβ′(Q′)
∑
j,l
mjml
erf
( |qj−q′l|√
2rC
)
|qj − q′l|
(57)
Like before, we are interested in the cases where the spatial width of eigenenergies ψ1,2 are smaller than rC , meaning
|qj − q′l|  rC . This implies that Φjl(0) can be Taylor expanded, and to the leading order, one finds:
erf
( |qj−q′l|√
2rC
)
|qj − q′l|
' 2
rC
√
2pi
(
1− |qj − q
′
l|2
6r2C
)
, where |qj − q′l|  rC . (58)
Then, one can follow the same line of reasoning that we followed from Eq. (46) to Eqs. (50) and (51) to solve the rest
of integrations. Accordingly, the rates λx,z of the DP model become:
λz =
ΛDPM
8r2C m
2
0
∫
dQ
(|ψ2(Q)|2 − |ψ1(Q)|2) ∑
j
mj q
2
j , (59)
λx = λ
12
12 =
ΛDP
2r2C m
2
0
∫ dQψ1(Q)ψ2(Q)∑
j
mjqj
2 . (60)
with ΛDP =
Gm20
3
√
2pi3/2 ~ rC
' 7.39 × 10−25 s−1. These rates have the same form as those of the CSL model, but with a
different coupling constant, which is 10−16 times smaller than the CSL coupling constant, and therefore negligible.
Accordingly, in the subsequent analysis we will report just the CSL values.
S6: Application to relevant physical systems.
We now provide quantitative estimation of these rates for some interesting physical systems.
Hydrogen-like atoms. For an atom that contains only one electron, we have: D12 = (me/e)d12 with me the mass and
e the charge of electron, and d12 the off-diagonal element of the dipole moment with typical values of a few Debye.
In addition,
√
Iα/me has typical values of a few Bohr radius. Accordingly, we get:
λz ∼ 10−20 − 10−18 s−1; λx ∼ 10−23 − 10−21 s−1. (61)
For example, for the transition 2P → 1S of the hydrogen atom, where the emitted light is a K-level X-ray radiation [59],
we find: λz ' 5.2× 10−19 s−1 and λx ' 1.4× 10−22 s−1.
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Harmonic oscillator. We consider the two lowest states of a harmonic oscillator with mass µ and frequency ω0.
Introducing these eigenstates into Eqs. (50) and (51) and performing the integration, we find:
λx = 4λz =
Λ
2
(
µx0
m0 rC
)2
, (62)
with x0 =
√
~/µω0 the zero-point fluctuation amplitude.
Double-well potential. We consider a system of mass µ moving in a symmetric double-well potential at low temper-
atures, where the meaningful eigenstates are the two lowest ones: |ε1〉 = 1√2 (|R〉 + |L〉) and |ε2〉 = 1√2 (|R〉 − |L〉).
The tunnelling frequency is ω0 = (ε2 − ε1)/~. We denote the separation of minima by q0. The states |L〉 and |R〉 are
localized states at left and right minima, respectively. They can be transformed to each other by the displacement
operator where the displacement distance is q0, and 〈L|R〉 ' 0. Accordingly, using Eqs. (50) and (51) and performing
the integration, we find:
λz ' 0; λx ' Λ
8
(
µ q0
m0 rC
)2
. (63)
For example, some internal motions of non-rigid molecules and complexes (e.g., the inversion motion in Ammonia [60]
or hindered torsional rotation in X-Y-Y-X molecules [61]) can be effectively described by a double-well potential. For
these systems, we have q0 ∼ 1 − 10 A˚ and µ ∼ 1 − 100 amu [60, 61]. Accordingly, the order of magnitude of the
strongest collapse rate for the internal motions of molecular systems is λx ∼ 10−9 s−1.
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